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We show that a well-founded partial ordering of countable height a must contain 
either a chain of order type a or an antichain of order type ~o. On the other hand, 
there are partial orderings of arbitrary countable height with no infinite chains and 
no antichains of order type (co + 1). 
DEFINITIONS. Any well-founded partial ordering < on a set X associates 
an ordinal with each element of X in a natural way: For x E X, the height of 
x (with respect o (X, <)) is defined by 
ht(x) = sup{ht(y) + 1 [ y E X& y < x}. 
The height of the partial ordering (X, <) can then be defined by 
ht(X, <) = sup{ht(x) + 1 ] x E X}. 
ht(X, <) is the least ordinal into which (X, <) can be embedded in an order- 
preserving way. A subset Y of X is a chain (with respect o (X, <)) if it is 
linearly ordered by <, an antichain (with respect o (X, <)) if no element of 
Y • Y belongs to <. The order type of Y (with respect o (X, <)) is the order 
type of the set tht(x) tx ~ Y} of ordinals with respect o the usual ordering 
on the ordinals. Note that the order type of Y depends on the whole of <, not 
just on its restriction to Y; for example, the order type of Y is equal to 
ht(Y, </" Y) if Y is a chain, but if Y is an antichain ht(Y, </'Y)= 1, whereas 
the order type of Y may be arbitrarily large. 
In the following, we shall always be considering a well-founded partial 
ordering (X, <) and shall refer to height, order type, chains and antichains 
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without adding "with respect o (X, <)" each time. We shall identify each 
ordinal with the set of all smaller ordinals and shall denote the smallest 
infinite ordinal by o9. We refer the reader to [1] for standard results on 
ordinals. 
It is easy to show (by transfinite induction with respect o a) that for any 
ordinal a there is a partial ordering with height a which contains no infinite 
chains. However, the partial ordering produced by the most obvious proof 
contains an antichain of order type a. Thus the question arises how, if at all, 
the height of a partial ordering depends on the order types of its chains and 
antichains. We answer this question for all countable heights: Theorem 1 
shows that, if no antichains of infinite order type are allowed, then the (coun- 
table) height of a well-founded partial ordering is no greater than the order 
type of its longest chains. Theorem 2 shows that no such result holds if 
infinite antichains are allowed, even if they are all required to have order 
type o9. 
THEOREM 1. Let (X, <) be a well-founded partial ordering of countable 
height a containing no antichains of order type o9. Then X contains a chain 
of order type a. 
In order to prove Theorem 1 we first prove two combinatorial lemmas. In 
the following we shall use x Oy  as an abbreviation for (ht(x) < 
ht(y) & x ~ y). 
LEMMA 1. Let (X, <) be a well-founded.partial ordering containing no 
antichains of order type o9. Then any subset of X of order type o9 contains a 
chain of order type o9. 
Proof. Let Y be such a subset. Assume w.l.o.g, that Y= {y i [ iE  o9}, 
where ht(y i )<ht(y i )  for all i< j<og.  Then i< j<og=~(y i<y j )  or 
(Yi ~ Yj). Hence, by Ramsay's theorem [5], there is a subset Z of Y of order 
type o9 such that Z is linearly ordered either by < or by ~. But, by the 
assumption of this lemma, Z cannot be linearly ordered by (>; hence, it must 
be a chain. 
LEMMA 2. Let (X, <) be a well-founded partial ordering containing no 
antichains of order type w. Moreover, suppose that {bnm I m ~ n < to} is a set 
of elements of X such that, for each m E co and each n ~/m, ht(bnm ) < 
ht(bt,+ 1)m)" Then there is a subsequence (n(m) Im E o9) of (n I n E o9) such 
that bntm) m < bntm+ l)mfor all m E o9. 
Proof. We shall define subsequences (n(i, j) [ i E o9) of (n I n E o9) by 
induction on j: 
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By Lemma 1, (n [ n E 09) has a subsequence (n(i, O) I i E 09) such that 
P < q :~ b,(p,o) o < b,(q,o)o ; 
by Lemma 1, (n(i, j) l iE09)  has a subsequence (n ( i , j+  1)]iEco> 
such that p < q ~ bn(p,j+ l ) ( j+ 1) < bn(q,j+ D(J+ 1) ~ 
Now define n(m)=n(m,m)  for all m Eo9. Then for each m E o9 
n(m+1)=n(m+ 1, m+l )=n( j ,m)  for some j~>m+l>m;  hence, 
bn(m+ 1)m = bn(j,m)m > bn(m,m)m = bntm)m. 
Proof of Theorem 1 by transfinite induction on a. 
a = 0: Trivial, 
Suppose a = ao + al, where a o, al < a. By the induction hypothesis there 
is a chain C1c_ {xEXIht (x)>/ao} of length a 1 and also a chain Co~ 
{x E X] x < c} of length a o, where c is the first element of C1. Co U C1 is a 
chain of length a. 
Now suppose that a is additively indecomposable. Then there are ordinals 
ao<al<. . ,  such that a=supa,  and a ,+ l>a, .2  (nEw) .  By the 
induction hypothesis there is a chain C, __ {x ~ X] ht(x) < a,} of length a, 
(n G 09). Put B,  = {x ~ C,+ l [ ht(x)/> a,} (n E w). Since an+ 1 > a n . 2 it 
follows that B,  is a chain of length >a, .  Let b,m denote the amth element of 
B, (m ~< n E 09). The b,m satisfy the conditions of Lemma 2, and so there is a 
subsequence (n(m) [ m E 09) of (n I n ~ 09) such that b,(m),, < b,(,,+ 1),~ 
(m E co). Then 
B -- {x E B.(o) I x < b,(o)o} 
t_) (..) {x E B,,(.,+ 1) I b.(,.+ 1),. <~ x < b.(m+ 1)(.,+ 1)} 
m 
is chain of X containing elements at a different heights. 
THEOREM 2. For each countable ordinal a there is a well-founded 
partial ordering (X, <) of height a which contains no chains of order type 09 
and no antichains of order type (09 + 1). 
In order to make the induction in the proof of Theorem 2 work we define a 
property of well-founded partial orderings which is stronger than that of 
Theorem 2 and show how to make high partial orderings with this property. 
DEFINITION. A well-founded partial ordering (X, <) is tubed if and only 
if the order type of any antichain of X is at most 09, every element of X is 
majorised by at least one maximal element but not by infinitely many, and 
no two maximal elements of X have the same height. If (X, <) is tubed then 
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the maximal elements can be enumerated in the order of their heights. Let x, 
denote the nth maximal element if this exists; then the nth tube of (X, <) is 
{x Ix <~ x, & (u > n)(x ~ x m if x m exists)}; if x n does not exist then the nth 
tube is empty. Note that if (X, <) is tubed then X is the union of its tubes. 
(X, <) is finitely tubed if and only if it is tubed and each of its tubes is finite. 
Note that if (X, <) is finitely tubed then (X, <) contains no infinite chains; 
for if A c X were an infinite chain then, since each tube of X is finite and < 
is well-founded, there would be x, y E A and m, n ~ o9 such that x is in the 
ruth tube, y is in the nth tube, m < n and x < y. But then we should have 
x < x n, contradicting the assumption that x is in the mth tube. 
In the following, we shall sketch (finitely tubed) partial orderings in the 
usual way as an aid to intuitive understanding; in the sketches, the tubes will 
be shown as follows: 
1 t 
I I 9 
I I 
I I 
LA 
LEMMA 3. There is a finitely tubed partial ordering of height o9. 
Proof. 
I I I I 
I I I I I I 
I I 
LEMMA 4. I f  for each n E o9 (X,, <n) is a finitely tubed partial ordering 
of height a n, a n a limit ordinal, then there is a finitely tubed partial ordering 
(X, <) of height ~,o  an. 
Proof. Define (X, <) as follows: 
X= {(n,x) lnEog, xESn};  
(ml, x) < (m2, Y) r162 (ml = m2 & x <ml Y) or 
[ml < m2 & (3nl)(3n2)(x E Xmln, 
& Y @ X,~2, 2 & m2 + n2 ~< ml + nl)], 
where Xmn denotes the nth tube of X m. 
The following sketch indicates how (X, <) and its tubes are built up from 
the (X n, <n) and their tubes: 
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Now we have to prove: 
(a) For any x E X,, ht(n, x) = (Y~i<n ai) + ht(x); 
(b) (X, <) is tubed; 
(c) each tube of (X, <) is finite. 
(a) We prove this by induction on n. 
n = 0: Trivial. 
n > 0: It is sufficient o show that the height of (n, x) for each minimal 
element x of X, is ~<,a  i. But any such x is in some X.q, and n +q~< 
n - 1 + r for all r > q; hence, (n - 1, y) < (n, x) for all y E X(,_ 1), such that 
r > q. But since X(,_I) o U ... UX~,_I) q is finite and a,_~ is a limit ordinal, 
the limit of the heights of such y must be a,_~. So ht(n, x) --- ~ i<,  ai by the 
induction hypothesis. 
(b) The maximal elements of (AT, <) are precisely the elements (n, x,), 
Where x, is the 0th maximal element of An. By (a), these have pairwise 
distinct heights. Moreover, by the definition of (AT, <) each element of X is 
majorised by at least one maximal element but not infinitely many. Now 
suppose A_  X were an antichain of order type (09 + 1). Then we may 
suppose w.l.o.g, that the first to elements of A are in some {n} X X,,  say in 
{0} XX o. The (to + l)th element y must then be in Xpq for somep > 0 and 
some q, since each (Xn, <,) is tubed. But then, by definition of <, x < y for 
each x E Xo\(Xoo U. . .  UXo(p+ q_ 1)). But 2/00 U ... UX0(p+q_l) is finite, so 
y is comparable with all but finitely many elements of A, contradiction. 
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(c) For each n E 09, let x,  be the 0th maximal element of X,. Then, by 
the definition of <, the nth tube of X is {(m,x) l(m, x) <. (n, x,) & (u > n) 
((m,x) ~ (n',Xn,)) } = {(m,x) l m ~ n & x E Xmt,_m) }, which is finite since 
each (X,, <~) is finitely tubed. 
Proof of Theorem 2. Using Lemmas 3 and 4, prove by transfinite 
induction with respect o a that, for each countable a, there is a finitely 
tubed partial ordering of height at least a. 
Remarks. I hope that Theorem 1 may be of use in proving partition 
properties of countable ordinals. Theorem 2 implies that the partition 
property a--+ (o9, co + 1) 2 (see Erd6s and Hajnal [2]) does not hold for any 
countable a--this was proved by Specker in [6]. Of course, Theorem 2 says 
more than a ~ (09, 09 + 1) 2, but in fact Specker's counterexamples yield an 
alternative proof of Theorem 2 as follows: 
If a is a countable ordinal and f :  a-+ 09 is any 1-1 function, let <z denote 
the partial order on a defined by 
7 <y 6 r 7 < 6 & f(7) > f(6). 
Clearly (a, <s) contains no infinite chain; also there is no antichain of type 
co + 1 (this follows from the fact that, if Aj(7) = {6 < a la <,y} and if7 < 7', 
then Af(y)~ty(7') is finite and so ht(7) < ht(7') + o9). Now it is easy to see by 
transfinite induction that, if f :  ogfl--+ o9 is 1-1, then (coil, <y) has height ~> ft. 
Theorem 2 follows from this. 
One might hope to strengthen Theorem 1 to show that, if (X, <) is a well- 
founded partial ordering of countable height a containing no antichains of 
order type 09, then X contains a chain Y such that {ht(y) l y ~ Y} = a. 
However, the following counterexample shows that this is not true: Let X = 
Ui~o, Xl (see the sketch below) and < be the relation on X indicated by the 
sketch below, together with all pairs (x, y) E X 2 such that ht(y) >/ht(x) + 2. 
It is easy to see that (X, <) is a well-founded partial ordering of height co 
containing no antichains of order type 3. But for any x, y E X, if ht(y) = 
ht (x )+ l  then x<yc~(3 i ) (x ,  yEX i ) .  So, since the X; are finite and 
pairwise disjoint, (X, <) contains no chain Y such that {ht(y) I y E Y} = o9. 
. i t  
X o X 1 X 2 Xr X3 
Note, however, that this strengthening of Theroem 1 does hold if (X, <) is a 
well partial ordering--see Theorem 9 of Wolk [7], which I am grateful to 
Karsten Steffens for pointing out to me. 
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Theorem 1 may be regarded as a sort of Ramsey theorem [5]; Milner and 
Sauer [3] stress this by introducing the notation a ~ [fl, y] to mean "any 
well-founded p.o. of height a has either a chain of order type fl or an 
antichain of order type T." (Then Theorem l reads "a~ [a, co]" and 
Theorem 2 "a ~ [co, co + 1].") This notation is reminiscent of the notation 
a ~ (fl, 7), meaning "if R tD  S is a partition of <['a, then there is an A c a 
such that either <fA iR  and IIAIl=fl, or <~AcS and I IAH=7." 
(o9 -~ (09, co) is a special case of Ramsey's theorem.) In fact, as Milner and 
Sauer point out, a ~ (fl, 7) implies a -~ [fl, y]. 
Since I first circulated this paper the results here have been considerably 
improved upon: Maurice Pouzet [4] has proved Theorem 1 for all ordinals a, 
and E. C. Milner and N. Sauer [3] have proved Theorem I and the natural 
generalisation of Theorem 2 for all ordinals a and a wealth of stronger 
results for particular ordinals a. 
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